The direct method based on the definition of conserved currents of a system of differential equations is applied to compute the space of conservation laws of the (1+1)-dimensional wave equation in the light-cone coordinates. Then Noether's theorem yields the space of variational symmetries of the corresponding functional. The results are also presented for the standard space-time form of the wave equation.
Introduction
The linear (1+1)-dimensional constant-coefficient wave equation in space-time variables U : u tt − u xx = 0 (1) introduced by d'Alembert in 1747 [1] is a fundamental hyperbolic partial differential equation (PDE) describing small oscillations in a wide variety of physical settings. (In (1) and below, subscripts denote partial derivatives.) The general solution of (1) possesses a simple closed-form representation. For many initial-boundary value problems for (1) , the corresponding solutions can be constructed by standard methods such as the method of characteristics, separation of variables, integral transforms, or Green's functions. In the light-cone (characteristic) variables ξ = x + t, η = x − t, u(t, x) = w(ξ, η),
the PDE (1) assumes the second canonical form W : w ξη = 0.
The wave equation arises from a variational principle, with the Lagrangian densities respectively given by L U = − 1 2 (u 2 t − u 2 x ) and L W = − 1 2 w ξ w η . Generalized symmetries (or, equivalently, cosymmetries) of the wave equation were completely described in [6, Section 18.4] ) using the representation (3) of this equation in the light-cone variables. At the same time, there are no complete results for variational symmetries 1 and local conservation laws of the wave equation in the literature although a number of its conservation laws including physically important ones are commonly known. The goal of the present paper is to fill this gap in the literature.
Although both the light-cone form (3) and the space-time form (1) of the wave equation are normal systems of differential equations in the sense of [9, Definition 2.78 ], yet an important difference between them is that (1) can straightforward be represented in the (extended) Kovalevskaya form [8, 12] (see also footnote in [10] ) with respect to each of the independent variables t and x, which is not the case for the PDE (3) as it stands. As shown in [8] , if a normal system of differential equations is written in the extended Kovalevskaya form with respect to an independent variable, then every equivalence class of conservation-law characteristics contains a characteristic that does not depend on the corresponding principal derivatives. 2 There are no similar results for non-Kovalevskaya rankings of derivatives. Hence the quotient space of conservation-law characteristics of (1) is naturally isomorphic to the space of differential functions µ = µ[u] that satisfy the condition E u (µ(u tt − u xx )) ≡ 0 (4) and are assumed, e.g., to be independent of all derivatives u ij , i 2, j 0. Here and in what follows u ij := ∂ i+j u/∂ i t∂ j x and w ij := ∂ i+j w/∂ i ξ∂ j η, i, j ∈ N 0 := N ∪ {0}. The determining equations obtained by splitting the condition (4) prove to be, however, rather hard to deal with. The same happens with the computation of conservation-law characteristics for the light-cone form (3) of the wave equation. Here things are further complicated by the fact that (3) does not have an extended Kovalevskaya form, and hence in the course of excluding the principal derivative w kl , k, l 1, for avoiding singular multipliers, one might lose conservation laws. This is why in Section 2 we use the brute-force approach, working directly with conserved currents to compute all local conservation laws of the wave equation (3) in the light-cone variables. Then using the characteristic form of conservation laws we find the conservation-law characteristics (= variational symmetries) of (3), which shows that they constitute a proper subspace of the space of all cosymmetries (= generalized symmetries) of (3). The bijection between equivalence classes of conservation-law characteristics and those of conserved currents [9, Theorem 4 .26] leads to the description of the space of trivial conserved currents of (3) and, thus, to the complete characterization of the space of local conservation laws of (3) as a quotient space.
In Section 3, local conservation laws of the wave equation (1) in space-time variables are explicitly derived using the results of Section 2 and the transformation (2). In particular, it is shown that the conservation-law characteristics of (1) have a rather complex form, which is unlikely to be obtained in the closed form using the condition (4) . Some examples are considered.
The paper is concluded with a discussion. An important question we are concerned with, for the current example and in general, is the equivalence of conservation-law characteristics on the solution space of the given system of differential equations, and the possibility to exclude higherrank derivatives the system is solved for from the characteristic dependence by substitutions on the solution space. This question, in view of the possible loss of conservation laws after such exclusions, is discussed for different forms of the wave equation.
Computation in light-cone coordinates
The computation of generalized symmetries, conservation laws and variational symmetries of the (1+1)-dimensional wave equation is convenient to carry out in the light-cone variables (ξ, η).
For the computational purposes, it is opportune to use the following particular notation. The notation F = F [w|η] and G = G[w|ξ] for differential functions F and G respectively mean that F is a smooth function of η and a finite number of w 0l , l ∈ N, and G is a smooth function of ξ and a finite number of w k0 , k ∈ N,
are the evaluations of the total derivative operators D ξ and D η with respect to ξ and η on solutions of W, respectively, Here and in what follows the indices k and l run through N, and we assume summation for repeated indices.
Due to the existence of a Lagrangian formulation, the linearization operator for the equation W is self-adjoint, and hence the spaces of symmetries and cosymmetries of W coincide. As was mentioned in the introduction, the algebra of generalized symmetries of W is well known [6, Section 18.4] . Any generalized symmetry of W is equivalent a generalized symmetry in the evolution form ζ∂ w with ζ = Cw + F [w|η] + G[w|ξ], where C is an arbitrary constant, and F and G are arbitrary functions of the above kind. Such structure of generalized symmetries is not common for linear systems of differential equations [11] .
Not all generalized symmetries of W are variational symmetries of the associated functional with Lagrangian L W (in fact, relatively few are). We now describe the entire algebra of variational symmetries (or, equivalently, the space of conservation-law characteristics) of the equation W. It is not easy to single out this algebra (or this space) from the algebra of generalized symmetries of W (or from the space of cosymmetries of W). This is why we first compute a space of conserved currents representing conservation laws of W and then obtain the associated space of conservation-law characteristics of W, which is converse to the common use of Noether's theorem.
Proof. Let (F, G) be a conserved current of the equation W. Without loss of generality, up to the conserved-current equivalence related to vanishing on the solution set of W, all the mixed derivatives can be excluded from (F, G). In other words, we can assume that the tuple (F, G) depends at most on ξ, η, w and a finite number of non-mixed derivatives w k0 and w 0l and k, l ∈ N. The condition (D ξ F + D η G) W = 0 for conserved currents of W can then be rewritten in the form D ξ F + D η G = 0. We fix an arbitrary point j 0 = (ξ 0 , η 0 , w 0 kl , k, l ∈ N 0 ) in the domain of (F, G). (Only a finite number of components of j 0 is relevant for the proof.)
First we prove that up to the general conserved-current equivalence, the ξ-component F does not depend on ξ and ξ-derivatives of w, including w as the zeroth-order derivative. Assume that it does, and the highest order of such derivatives is nonnegative, q := max{k ∈ N 0 | F w k0 = 0} 0. We differentiate the equation D ξ F +D η G = 0 with respect to w q+1,0 and use the fact that ∂ w q+1,0 and D η commute, which gives ∂ w q0 F + D η ∂ w q+1,0 G = 0. Then the integration of the obtained equality with respect to the jet variable w q0 in a neighborhood of j 0 results in the following representation for F :
Substituting zeros into G for the involved mixed derivatives, we construct the conserved current ( F , G), which is equivalent to ( F , G) in view of the vanishing difference of these conserved currents on the solution set of W and thus equivalent to (F, G). We replace (F, G) by ( F , G), omitting the accent signs. The repetition of the above procedure leads to an equivalent conserved current, still denoted by (F, G), with ξ-component F involving no ξ-derivatives w k0 , k ∈ N 0 . For this conserved current, the condition (D ξ F + D η G) W = 0 degenerates to F ξ + D η G = 0. Now we employ a modification of the above procedure for ξ. The integration of the latter equality with respect to ξ in a neighborhood of j 0 gives
The differential function F does not depend on ξ. The tuple ( F , G) with G := G − D ξ H is a conserved current of W that is equivalent to (F, G) since it is obtained from (F, G) by adding the trivial conserved current (D η H, −D ξ H). Substituting zeros into G for the involved mixed derivatives, we construct the conserved current ( F , G), which is equivalent to ( F , G) in view of vanishing the difference of these conserved currents on on the solution set of W and thus equivalent to (F, G). We replace (F, G) by ( F , G), again omitting the accent signs.
Since the ξ-component of the new conserved current (F, G) depends only on η and a finite number of w 0l , l ∈ N, i.e., F = F [w|η], then the η-component G satisfies the equation D η G = 0, which recursively splits into the system G η = 0, G w 0l = 0, l ∈ N 0 .
Varying the point j 0 within the domain of (F, G) completes lemma's proof.
Lemma 2. The quotient space of variational symmetries (or, equivalently, of conservation-law characteristics) of the equation (3) is naturally isomorphic to the subspace of its variational symmetries of the form
Proof. We fix an arbitrary conservation law of the equation W. In view of Lemma 1, it contains a conserved current of the form (F [w|η], G[w|ξ]). We expand the total divergence of (F, G) and iteratively integrate by parts in (or, equivalently, apply the Lagrange identity to) each obtained summand:
where (F 0 , G 0 ) is a trivial conserved current, which vanishes on solutions of W. We derive the characteristic representation of the fixed conservation law in terms of the conserved current (F − F 0 , G − G 0 ), which is equivalent to to (F, G),
with λ given by (5) . Therefore, λ is a characteristic of the fixed conservation law as well as a variational symmetry of W.
It is easy to check that any tuple (F [w|η], G[w|ξ]) is a conserved current of W. Hence any differential function of the form (5) is a conservation-law characteristic of W. Such a differential function vanishes on solutions of W if and only if it identically vanishes.
In particular, any function λ = λ(ξ, η) satisfying the equation (3), λ ξη = 0, i.e., λ = F (η) + G(ξ), is a w-independent (order −∞) variational symmetry of this equation.
Let V denote the subspace of conserved currents (F, G) of equation (3), where F is an arbitrary smooth function of η and a finite but unspecified number of w 0l , l ∈ N, and G is an arbitrary smooth function of ξ and a finite but unspecified number of w k0 , k ∈ N, V := {(F [w|η], G[w|ξ])}. As mentioned in the proof of Lemma 2, all elements of V are indeed conserved currents of (3). Let V 0 denote the subspace of trivial conserved currents belonging to V . Proof. It is obvious that W is normal, totally nondegenerate system of differential equations. Then in view of [9, Theorem 4 .26] and Lemma 2, a conserved current (F [w|η], G[w|ξ]) of W is trivial if and only if the differential function defined by (5) identically vanishes. Since the functions F and G depend on different arguments, the latter condition is equivalent to that the expressions
Here the operator (−D η ) l−1 ∂ w 0l (resp. (−D ξ ) k−1 ∂ w k0 ) can be interpreted as the Euler operator in the dependent variable w 01 (resp. w 10 ), where the only η (resp. ξ) is assumed to be the independent variable, and ξ (resp. η) plays the role of a parameter. In view of [9, Theorem 4.7] , the defining equalities for R 1 and R 2 considered as linear inhomogeneous equations with respect to F and G are equivalent to the (local) representations for F and G from lemma's statement.
As a consequence of Lemmas 1 and 3, we derive the following theorem. 
Reformulation in standard space-time coordinates
Assuming the wave equation in the space-time form U solved with respect to u tt and substituting ∂ ξ = 1 2 (∂ x + ∂ t ), ∂ η = 1 2 (∂ x − ∂ t ) and u 2k ′ ,l = u 0,l+2k ′ , u 2k ′ +1,l = u 1,l+2k ′ in view of U , we obtain that w k0 = 1 2 (u 0k + u 1,k−1 ) and w 0k = 1 2 (u 0k − u 1,k−1 ) for solutions of W and U related by the change of variables (2) . Therefore, translating the results for the equation W from the previous section to ones for the equation U via pulling back by the transformation (2), we derive the following assertion.
Theorem 5. The space of conservation laws of the equation (1) is naturally isomorphic to the quotient of the spaceV by the subspaceV 0 , whereV denotes the subspace of conserved currents of the form (F −Ǧ,F +Ǧ) for the equation (1), andV 0 denotes the subspace of trivial conserved currents belonging toV ,
Here and in what followsF is an arbitrary smooth function of η := x − t and an arbitrary finite number ofw 0l := u 0l − u 1,l−1 , l ∈ N, andǦ is an arbitrary smooth function of ξ := x + t and an arbitrary finite number ofw k0 := u 0k + u 1,k−1 , k ∈ N, F =F [w|η] =F (η,w 01 , . . . ,w 0r 1 ) =F (x − t, u 01 − u 10 , . . . , u 0r 1 − u 1,r 1 −1 ), G = G[w|ξ] =Ǧ(ξ,w 10 , . . . ,w r 2 0 ) =Ǧ(x + t, u 01 + u 10 , . . . , u 0r 2 + u 1,r 2 −1 ) for some r 1 , r 2 ∈ N 0 ,Ď ξ := ∂ ξ +w k+1,0 ∂w k0 andĎ η := ∂ η +w 0,l+1 ∂w 0l , and C is an arbitrary constant. The quotient space of variational symmetries (or, equivalently, of conservation-law characteristics) of the equation (1) is naturally isomorphic to the subspace of its variational symmetries of the form
To avoid multiple twos and halves in the above formulas, we multiplyF ,Ǧ andw kl , in comparison with F , G and w kl , by 1/2, 1/2 and 2, respectively. The additional minuses in µ is needed for associating µ with the conserved current (F −Ǧ,F +Ǧ).
In particular, the solutions µ = µ(t, x) of the equation (1), µ tt −µ xx = 0, exhaust the subspace of u-independent (order −∞) variational symmetries of this equation. Basic examples of physical conservation laws describe the conservation of momentum in the u-direction, the motion of the center of mass of the wave, the conservation of angular momentum with respect to x = 0 and the conservation of energy, which respectively have the characteristics µ = 1, t, x, u t and the conserved currents
. These conservation laws arise for the pairs (F ,Ǧ) = − 1 2 (w 01 ,w 10 ), 1 2 (ηw 01 , −ξw 10 ), − 1 2 (ηw 01 , ξw 10 ), and 1 4 (w 2 01 , −w 2 10 ), respectively. Other simple conservation-law characteristics of (1) are, e.g., µ = tx, u x , xu x + tu t and xu t + tu x . A more unusual choice, e.g., of the pair (F ,Ǧ) = (ew 01 , 0) yields the local conservation law of (1) with conserved current (e u 02 −u 11 , e u 02 −u 11 ) and with characteristic µ = (u 03 − u 12 )e u 02 −u 11 . This corresponds to the local conservation law with conserved current (2e 2w 02 , 0) and with characteristic λ = −4w 03 e 2w 02 of the wave equation (3) in the light-cone variables.
Discussion
Let us discuss the possibility of describing the space of local conservation laws of the equation (3) using the criterion for its conservation-law characteristics λ[w],
Since the PDE (3) is not in a extended Kovalevskaya form, here one is generally not allowed to exclude the dependence of λ on the only possible leading derivative w ξη and its further derivatives, and so it is not clear how to avoid "singular multipliers". However, Lemma 2 implies that in this particular case, each equivalence class of conservation-law characteristics of (3) contains a characteristic of the form (5) , which is independent of the mixed derivatives w kl , k, l ∈ N, which exhaust the principal derivatives for (3). Even after neglecting the problem of excluding principal derivatives, it is not straightforward to find the explicit general form (5) for conservation-law characteristics of (3) by solving (6) directly. Indeed, even assuming λ[w] = H(ξ, w 10 , . . . , w r0 ) with r 1 (which should yield the second part of the formula (5):
, the condition (6) splits with respect to derivatives w k1 , k ∈ N, into the system
which remains quite complex. The system of determining equations for conservation-law characteristics of (1) is more complicated than the above one. In summary, from the computational point of view, in order to compute all local conservation laws of (1) it turns out to be optimal to directly work with the conserved currents in the light cone variables, to construct the corresponding characteristics using the characteristic form of conservation laws, find the subspace of trivial conserved currents as those associated with the zero characteristic of the form (5) and then pull back all the obtained objects by the transformation (2) . We considered one more form of the (1+1)-dimensional wave equation, V: v yz = v yy , which is related to the canonical form (3) in the light-cone variables by the point transformation x = y + z, η = z, w(ξ, η) = v(y, z). The equation V has a general Kovalevskaya form when solved for v yy . It is obvious that the space of its local conservation laws is isomorphic to the one for the PDE (3) derived in Section 2, through the above transformation. However, if one chooses v yz as the leading derivative in V confines differential functions of v to solutions of V by excluding the corresponding principal derivatives v kl , k, l ∈ N, from the dependence, then one can show that a part of conservation-law characteristics is lost in the course of looking for the solutions of the corresponding determining equations among the confined differential functions. More specifically, the subfamily of characteristics corresponding to the "intact" variable ξ = y and the arbitrary function G survives, whereas most of characteristics in the subfamily corresponding to the arbitrary function F in (2) are lost: surviving characteristics from the former subfamily do not contain even-order derivatives and can only involve odd derivatives of order three and higher in a linear manner. We will present details of this consideration in a different paper.
The example of the equation V illustrates that a conservation-law characteristic can fails to remain a characteristic (and become just a cosymmetry) after the substitution of principal derivatives on the solution manifold of the given system of differential equations, if the latter is not written in an extended Kovalevskaya form.
We also plan to study similar effects that are related to excluding derivatives in view of canonical form potential systems in the course of looking for potential conservation laws through their characteristics [5, 7] .
